Abstract. It is shown that unital C * -algebras with finite decomposition rank have the Corona Factorization Property. We study C * -algebras whose Cuntz semigroup has a certain comparability property, called (weak) ω-comparison; and we show that such C * -algebras always have the Corona Factorization Property. Along the way we characterize when such C * -algebras are stable.
Introduction
The Corona Factorization Property was defined and studied by Kucerovsky and Ng in [11] in continuation of a work by Elliott and Kucerovsky, [4] , in which purely large C * -algebras were studied. Both concepts relate to the theory of extensions and in particular to the important question on when extensions automatically are absorbing.
A C * -algebra satisfies the Corona Factorization Property if every full projection in the multiplier algebra of its stabilization is properly infinite (and hence equivalent to the unit). The existence of non-properly infinite full projections in the multiplier algebra of a stable C * -algebra was noted (implicitly) in [16] , and more explicitly in [17] , in connection with the construction of non-stable C * -algebras that become stable when being tensored with a matrix algebra. The existence of finite full projections in the multiplier algebra of a stable C * -algebra was also essential in the construction in [18] of a simple C * -algebra with a finite and an infinite projection. In the language of Kucerovsky and Ng it is shown in [18] that the C * -algebra C(
It thus appears that failure to have the Corona Factorization Property is an "infinite dimensional" property, and conversely that all C * -algebras with "finite dimensional behavior" should have the Corona Factorization Property. (By finite and infinite dimensinality we are, of course, not referring to the vector space dimension of the C * -algebra, but rather to its non-commutative dimension-perhaps best defined through Kirchberg and Winter's notion of decomposition rank.) Pimsner, Popa and Voiculescu studied in [14] extensions of C(X) ⊗ K, where X is a finite-dimensional compact metric space, and developed an Ext(X, −) theory. It follows in particular from their work that C(X) ⊗ K has the Corona Factorization Property. The assumption that X is finite dimensional is crucial.
Using Kirchberg and Winter notion of decomposition rank, [10] , mentioned above, Kucerovsky and Ng, [12] , studied extensions of type I C * -algebras with finite decomposition.
In this paper we study stability properties and the Corona Factorization Property of C * -algebras in terms of properties of its Cuntz semigroup. In Section 2, we introduce the relation x < s y between two elements x, y of an ordered abelian semigroup, which is defined to hold if and only if (k + 1)x ≤ ky for some natural number k (or equivalently, if f (x) < f (y) for all states f on the semigroup normalized at y). We use this to define comparability properties for ordered abelian semigroups: n-comparison and ω-comparison. These properties are in some sense generalization of, but weaker than, the almost unperforation property for semigroups (considered in [19] ). In fact, an ordered abelian semigroup satisfies 0-comparison if and only if it is almost unperforated. It follows from a result of Toms and Winter, [20] , that the Cuntz semigroup of any unital simple C * -algebra with decomposition rank n has n-comparison (and hence also ω-comparison). It was the result by Toms and Winter that led us to consider n-comparison.
In Section 3 we consider a property (that we call property (S)) of a C * -algebra defined algebraically in terms of Cuntz' comparison theory for C * -algebras, and we show that it is equivalent to the absense of unital quotients and bounded 2-quasi-traces. It is further shown that property (S) is equivalent to stability of a C * -algebra if its Cuntz semigroup has the ω-comparison property, thus generalizing a result from [7] .
In Section 4 we use our results on stability to show that C * -algebras, whose Cuntz semigroup has the ω-comparison property, have the Corona Factorization Property. We define weak versions of n-comparison and of ω-comparison (where the comparison is required to hold only for full elements in the semigroup), and we show that these weak comparison properties (of the Cuntz semigroup) are sufficient to yield the Corona Factorization Property under the assumption of the existence of a full projection. Finally, we show that unital (possibly non-simple) C * -algebras with finite decomposition rank have the Corona Factorization Property.
Let us finally mention that the two authors of this paper in collaboration with F. Perera in a forthcoming article [13] are examining an even weaker comparabity property, which is satisfied for the monoid V (A) of Murray-von Neumann equivalence classes of projections in the stabilization of a C * -algebra A if and only if A has the Corona Factorization Property, provided that A is separable and of real rank zero.
Comparability in ordered abelian semigroups
In this section we shall discuss some properties of ordered abelian groups that will be used throughout the paper.
Consider an ordered abelian semigroup (W, +, ≤). We shall exclusively be interested in positive semigroups, i.e., semigroups where x ≤ x + z for all x, z ∈ W . (However, we do not assume that the order is the algebraic order given by x ≤ y if and only if y = x + z for some z in W .) We remind the reader of some commonly used terminology. A state on W normalized at x ∈ W is an additive order preserving map from W into R + ∪ {∞} that maps x to 1. The set of all states normalized states at x is denoted by S(W, x). Given two elements x, y ∈ W , one writes x ∝ y if there exists n ∈ N such that x ≤ ny.
The result below has appeared already in several versions in the literature, perhaps first as the extension result of Goodearl and Handelman in [5, Lemma 4.1] . We wish to emphasize the following formulation that will be essential to our paper. Proposition 2.1. Let (W, +, ≤) be an ordered abelian semigroup, and let x, y ∈ W . Then the following statements are equivalent: Remark 2.3. Notice that the relation < s is transitive. Indeed, let x, y, z ∈ W be such that x < s y and y < s z. Then by Proposition 2.1 (ii) there exists k ∈ N such that (k + 1)x ≤ ky and (k + 1)y ≤ kz. But then (k + 1)x ≤ ky ≤ (k + 1)y ≤ kz, so x < s z.
Remark 2.4. The notion of almost unperforation from [19, Definition 3.3] can in terms of stable domination be rephrased as follows. An ordered abelian semigroup W is almost unperforated if and only if for all x, y in W , x < s y implies x ≤ y.
Let us briefly remind the reader about the ordered Cuntz semigroup W (A) associated to a C * -algebra. Let M ∞ (A) + denote the disjoint union 
There exists a natural number
Before stating Definition 2.7 below we restate a result of Toms and Winter, [20, Lemma 6.1] , that prompted us to make this definition. Recall that if τ is a positive trace (or a 2-quasi-trace), then one can associate to it a dimension function d τ :
where a is a positive element in A or in a matrix algebra over A (in the latter case we must extend τ to the same matrix algebra over A). The trace property ensures that d τ is well-defined. We can also view d τ as being a function on the positive elements in A (and in matrix algebras over A). We shall not distinguish between the two situations.
Proposition 2.6 (Toms and Winter). Let A be a simple, separable and unital
C * - algebra of decomposition rank n < ∞. Let a, d 0 , d 1 , . . . , d n be positive elements in A such that d τ (a) < d τ (d j ) for j = 0, 1, . .
. , n and for all tracial states τ on A (where d τ is the dimension function on A associated with the trace τ ). It follows that
Definition 2.7. Let (W, +, ≤) be an ordered abelian semigroup and let n be a natural number. Then W is said to satisfy n-comparison if whenever there exist x, y 0 , . . . , y n ∈ W with x < s y j for every j = 0, . . . , n, then x ≤ y 0 + y 1 + · · · + y n .
Note that W has 0-comparison if and only if W is almost unperforated, cf. Remark 2.4.
With Definition 2.7 at hand we can rephrase the proposition of Toms and Winter above as follows:
Proposition 2.8. Let A be a simple, separable and unital C * -algebra with decomposition rank n < ∞. Then W (A) has n-comparison.
Proof. Let x, y 0 , . . . , y n ∈ W (A) be such that x < s y j for every j = 0, . . . , n. Upon replacing A by a matrix algebra over A (which does not change the decomposition rank) we may assume that there are positive elements a,
We know from Proposition 2.1 that f (x) < f (y j ) for every dimension function f on A normalized at y j . As A is simple and unital, every such f is a multiple of a dimension function which is normalized at the unit:
We do not know if the Cuntz semigroup of any (non-simple, non-unital) C * -algebra with decomposition rank equal to n < ∞ has the n-comparison property. It seems very likely that it should be the case. In Proposition 4.7 we show that a weaker version of n-comparison holds for all unital C * -algebras with decomposition rank n. (That weaker form implies the Corona Factorization Property.)
We shall in the following sections consider the following comparison property which (clearly) is weaker than any n-comparison property: Definition 2.9. An ordered abelian semigroup (W, +, ≤) is said to have the ω-comparison property if whenever x, y 0 , y 1 , y 2 , . . . are elements in W such that x < s y j for all j, then one has x ≤ y 0 + y 1 + · · · + y n for some n (that may depend on the elements x, y 0 , y 1 , . . . ).
Stability of C * -algebras with finite decomposition rank
It was shown in [8] that a separable C * -algebra A is stable if and only if to every a ∈ F (A) there exists b ∈ A + such that a ⊥ b and a b. Recall that F (A) is the set of the compactly supported positive elements of A, i.e., the set of all a ∈ A + such that there exists e ∈ A + with ea = ae = a. We shall here consider a weaker version of the conditions from [8] where we replace the relation a b with the relation a ≺ s b considered in Section 2. It follows immediately from the definition and from the result from [8] quoted above that if A is a separable C * -algebra for which W (A) is almost unperforated, then A has property (S) if and only if A is stable. It is easy to see that every stable C * -algebra has property (S).
Lemma 3.2. Let A be a separable C * -algebra with property (S). Then A has no non-zero unital quotients.
Proof. Let I be an ideal of A such that A/I is unital. Let e + I be the unit of A/I, with e ∈ A + . Upon replacing e with g(e), where g : R + → [0, 1] is a continuous function which vanishes on, say [0, 1/2], and with g(1) = 1, we can assume that e ∈ F (A). By the assumption that A has property (S) there exists b ∈ A + such that e⊥b and e ≺ s b. Now, 0 = eb + I = b + I, so b belongs to I. The relation e ≺ s b implies that e belongs to the closed two-sided ideal generated by b, and hence to I. Thus, e + I = 0 and A/I = 0.
A positive element d in a C * -algebra A is said to be full if it is not contained in a proper closed two-sided ideal in A, i.e., if AdA = A. We say that d is strictly full if (d − ε) + is full for some ε > 0, and hence for all sufficiently small ε > 0. Proof. We can view A as a full hereditary sub-C * -algebra of its stabilization A ⊗ K. Let p be a full projection in A ⊗ K, and let d be a full positive element in A. For each ε > 0 consider the closed two-sided ideal I ε of A ⊗ K generated by (d − ε) + . The closure of ε>0 I ε is a closed two-sided ideal in A ⊗ K which contains d and hence is equal to A ⊗ K. It follows that ε>0 I ε is a dense (algebraic) ideal in A ⊗ K. Being a dense ideal, ε>0 I ε contains every projection of A ⊗ K. Hence p belongs to I ε for some ε > 0, whence I ε = A ⊗ K, which again implies that (d − ε) + is full (in A ⊗ K and hence in A). The latter shows that a + b belongs to F (A).
Assume now that there exists a full projection in A ⊗ K. Let B be the hereditary sub-C * -algebra of A consisting of all elements which are orthogonal to e. Then B is full in A. Indeed, because e belongs to F (A) there exists a positive element e ′ in A such that e ′ e = ee ′ = e. Let I be the closed two-sided ideal in A generated by B, and assume, to reach a contradiction, that I were proper. Then e ′ + I would be a unit for A/I, thus contradicting Lemma 3.2.
It follows from Brown's theorem that B ⊗ K is isomorphic to A ⊗ K, and so B ⊗ K contains a full projection. Hence, by Lemma 3.3, any full element in B is strictly full. Upon adding onto b 0 a positive full element in B we can assume that b 0 is full. It follows that b = (b 0 − δ) + is full (and hence strictly full) if δ 0 > 0 is chosen sufficiently small. Finally, use Lemma 3.4 to see that each of the positive elements b j above can be chosen to be strictly full if A ⊗ K contains a full projection.
We will now give an algebraic characterization of property (S) for a C * -algebra. The characterization is very similar to, but sharpens, [7, Theorem 3.6 ]. The reader is referred to [1] for the definition and properties of 2-quasi-traces. Let us here just remind the reader than any 2-quasi-trace on an exact C * -algebra is a trace, and that the shortcoming of a quasi-trace (compared with a trace) is that it only is assumed to be additive on commuting elements.
Proposition 3.6. Let A be a separable C * -algebra. Then A has property (S) if and only if A has no non-zero bounded 2-quasi-trace and no non-zero unital quotient.
Proof. The "if" part is contained in the proof of [7, Theorem 3.6] .
To prove the "only if" part, suppose that A has property (S). By Lemma 3.2, A has no non-zero unital quotients. Suppose, to reach a contradiction, that τ is a nonzero bounded 2-quasi-trace on A, and let d τ be the associated lower semicontinuous dimension function on W (A). Since τ is non-zero there is a positive element a in A such that d τ ( a ) > 0, and since d τ is lower semicontinuous, d τ ( (a − ε) + ) > 0 for some ε > 0. We can now use Lemma 3.5 to find a sequence
On the other hand, one has d τ ( c ) ≤ τ for all c in A + , and so the inequality above is in contradiction with the assumed boundedness of τ .
It is well-know that stability is not a stable property (see [16] ). Property (S), however, is a stable property, as easily follows from Proposition 3.6 above:
Then the following conditions are equivalent: (i) A has property (S).
(ii) M n (A) has property (S) for some natural number n.
(iii) M n (A) has property (S) for all natural numbers n.
Proof. By Proposition 3.6 it suffices to check that each of the two properties: having a non-zero unital quotient, and having a non-zero bounded 2-quasi-trace, pass to matrix algebras and back again. This is trivial for the first. It is a theorem (see [1] ) that 2-quasi-traces extend to all matrix algebras (and vice versa).
The result, [7, Theorem 3.6 ], that we used heavily in the proof of Proposition 3.6 above, actually says that a separable C * -algebra with almost unperforated Cuntz semigroup is stable if and only if it has no non-zero unital quotient and no non-zero bounded 2-quasi-trace. Reminding the reader that almost unperforation is the same as the "0-comparison" property, we can extend [7, Theorem 3.6] as in the proposition below.
To make the proposition below applicable to results in the next section on the Corona Factorization Property it is stated for arbitrary hereditary sub-C * -algebras of A ⊗ K under the assumption that W (A) has the ω-comparison property. Let us for this purpose consider the Cuntz semigroup of A, and compare it with the Cuntz semigroup of its stabilization and of a hereditary subalgebra of its stabilization. Identifying A and matrix algebras over A with corners of A ⊗ K we can write A ⊂ M ∞ (A) ⊂ A ⊗ K. In this way we can view W (A) as a sub-semigroup (in fact an ideal) of W (A ⊗ K). Proof. Conditions (ii) and (iii) are equivalent for all separable C * -algebras by Proposition 3.6, and (i) clearly implies (ii) (again for all C * -algebras) (see eg. [8] ). (iii) ⇒ (i). By [8, Proposition 2.2] it is enough to show that for every a ∈ B + and every ε > 0 there exists b ∈ B + such that (a − ε) + b and (a − ε) + ⊥b. (Indeed, if such an element b exists, then (a − 2ε) + = x * bx for some x ∈ B; whence (a − 2ε
and a − (a − 2ε) + ≤ 2ε.) Since (a − ε) + belongs to F (B) we can apply Lemma 3.5 to get a sequence of positive
. . are mutually orthogonal. By the argument above, the elements (a − ε) + , b j ∈ W (B) belong to W (A); so by the assumption that W (A) satisfies the ω-comparison property there is a natural number n such that and hence in W (B) ). Thus, (a − ε) + b 0 + · · · + b n and (a − ε) + ⊥b 0 + · · · + b n as desired.
The Corona Factorization Property for C * -algebras with finite decomposition rank
Recall that a C * -algebra A is said to have the Corona Factorization Property if every full projection in the multiplier algebra of A⊗K is properly infinite. We show below that ω-comparison (and also a weakened form of ω-comparison) of the Cuntz semigroup implies the Corona Factorization Property. The fact that the Corona Factorization Property is equivalent to a statement regarding stability of full hereditary sub-C * -algebras of the stablized C * -algebra (as in Proposition 3.8) was observed already by Kucerovsky and Ng in [11] . In particular, if A is either a simple and unital C * -algebra with finite decomposition rank, if A is a Z-stable C * -algebra, or if A is a purely infinite C * -algebra, then it has the Corona Factorization Property.
Proof. Let P be a full projection in M(A ⊗ K). Then there is a natural number N such that the N-fold direct sum P ⊕ P ⊕ · · · ⊕ P is properly infinite, and hence is equivalent to 1. It follows that M N (P (A ⊗ K)P ) ∼ = A ⊗ K, so M N (P (A ⊗ K)P ) is stable, and therefore has property (S). Thus, by Corollary 3.7, also P (A ⊗ K)P has property (S). Proposition 3.8 now yields that P (A ⊗ K)P is stable, which in turns entails that P is properly infinite.
Finally, if A is either a Z-stable C * -algebra or purely infinite C * -algebra, then its Cuntz semigroup is almost unperforated (see [19, Theorem 4.5] and [9, Theorem 4.16] , respectively), and therefore it has the ω-comparison property. If A is a simple and unital C * -algebra with finite decomposition rank n, then W (A) has n-comparison by the version of Toms and Winter result, [20, Lemma 6 .1], given in Proposition 2.8, and hence W (A) has the ω-comparison property.
Our next goal will be to prove that possibly non-simple separable unital C * -algebras with finite decomposition rank satisfy the Corona Factorization Property. In order to do this, we need to consider new (weaker) comparison properties of ordered semigroup.
First we remind the reader of the notion of compact containement formalized [2] : Given two elements x, y in an abelian ordered semigroup W , x is compactly contained in y, denoted by x ≪ y, if whenever y 1 ≤ y 2 ≤ · · · is an increasing sequence with supremum greater than or equal to y, eventually x ≤ y n .
If A is a C * -algebra and if a is a positive element in (a matrix algebra over) A, then (a − ε) + ≪ a for every ε > 0. Let us note some properties that can be deduced from Definition 4.2. Given an ordered abelian semigroup (W, +, ≤). An element x ∈ W is said to be full if for every y, y ′ ∈ W with y ′ ≪ y there exists N ∈ N such that y ′ ≤ Nx.
We remark that if a is a positive element in a C * -algebra A, then a is a full element of A if and only if a is a full element in W (A). Let us also remark that any order unit in an ordered abelian semigroup clearly is full. The converse, however, does not always hold.
Definition 4.3. Let (W, +, ≤) be an ordered abelian semigroup. Say that W has the weak n-comparison property if whenever x, y 0 , y 1 , . . . , y n are elements in W that satisfy x < s y i for all i and y 0 , y 1 , . . . , y n are full, then x ≤ y 0 + y 1 + · · · + y n .
We say that W has the weak ω-comparison property if whenever x, y 0 , y 1 , y 2 , . . . are elements in W that satisfy x < s y i for all i and y 0 , y 1 , y 2 , . . . are full, then x ≤ y 0 + y 1 + · · · + y n for some natural number n.
We have the following analog of Proposition 3.8, where the assumption on the comparison property of the Cuntz semigroup is weakened, but where we instead have to assume the existence of a full projection: Proof. Proceeding as in the proof of Proposition 3.8, we only need to prove (iii) ⇒ (i); and to prove that (i) holds it suffices to show that for every a ∈ B + and every ε > 0 there exists b ∈ B + such that (a − ε) + b and (a − ε) + ⊥b. Since (a − ε) + belongs to F (B) we can apply Lemma 3.5 to get full positive elements
. . are mutually orthogonal. As remarked above Proposition 3.8, the elements (a − ε) + , b j ∈ W (B) actually belong to W (A). Moreover, each b j is full in W (A) (because B is full in A ⊗ K), so by the assumption that W (A) has the weak ω-comparison property it follows that
for some natural number n (the order is relatively to W (A) and hence also in W (B)). We conclude that (a − ε) Proof. The proof is almost identical to the proof of Theorem 4.1. Let P be a full projection of M(A ⊗ K) and let B be the full hereditary sub-C * -algebra P (A ⊗ K)P . Then M N (B) ∼ = A ⊗ K for some N ∈ N. As B ⊗ K ∼ = A ⊗ K contains a full projection we can use Proposition 4.4 and Corollary 3.7 to see that B is stable. But then P is properly infinite.
We have several times mentioned the result, [20, Lemma 6 .1], of Toms and Winter which implies that the Cuntz semigroup of a simple unital separable C * -algebra has n-comparison. We wish to extend this result to the non-simple case, and state for this purpose a lemma whose proof actually is contained in the proof of [20, Lemma 6 .1] (follow that proof from Equation (10) to its end) and therefore is omitted. 
Proposition 4.7. Let A be a separable, unital C * -algebra with decomposition rank n < ∞. Then W (A) has weak n-comparison.
Proof. Let x, y 0 , . . . , y n ∈ W (A) with y i full and x < s y i be given for every i. Then, by Proposition 2.1, there exists k such that (k + 1)x ≤ ky i for all i. Choose 0 < α 1 < (k + 1) −1 . Then f (x) < f (y i ) − α 1 for all i and for every state f in S(W (A), y i ). As y 0 , . . . , y n are full, and because 1 A ≪ 1 A , there is a natural number N such that Ny i ≥ 1 A for all i. Put α 2 = α 1 /N. Then f (x) < f (y i ) − α 2 for all i and for every state f in S (W (A), 1 A ) . In particular, with d τ denoting the (lower semicontinuous) dimension function associated to a tracial state τ on A, we have d τ (x) < d τ (y i ) − α 2 for all i and for every tracial state τ on A.
Finite decomposition rank passes to matrices, so upon replacing A with a matrix algebra over A, we can suppose that there exist positive elements a and The corollary above extends the result of Pimsner, Popa and Voiculescu, [14] , and Kucerovsky and Ng, [12] , that the C * -algebra C(X) ⊗ K is absorbing, or equivalently, that it satisfies the Corona Factorization Property, when X has finite covering dimension (as the decomposition rank of C(X) ⊗ K coincides with the covering dimension of the space X).
We end by describing when separable C * -algebras with finite decomposition rank are stable (under the assumption that their stabilization contain a full projection): Proof. Let p be a full projection in A⊗K and put B = p(A⊗K)p. Then B has the same decomposition rank as A, say n; and B is unital. It follows from Proposition 4.7 that W (B) has weak n-comparison and therefore also weak ω-comparison property. As A is (isomorphic to) a full hereditary sub-C * -algebra of B ⊗ K the result now follows from Proposition 4.4. (In (ii) we have used that any 2-quasi-trace on a nuclear C * -algebra is a trace.)
